An analytic and numerical study of the coupling between a high-intensity laser pulse and a plasma wake is presented, in the context of laser wakefield acceleration in a hollow channel. Laser wavelength reddening and pulse length shortening are qualitatively described using simple scaling laws. One-dimensional self-consistent equations are derived and numerically solved to provide a more detailed description of the laser pulse evolution for the case of propagation in a uniform plasma. These equations are extended to treat the case of laser pulse propagation in a hollow channel. The coupling between the plasma and the laser pulse is calculated using energy conservation. The model obtained provides a simple method for inferring the plasma wake characteristics from measurement of changes in phase and amplitude of the driving laser pulse.
I. INTRODUCTION
Laser-driven plasma accelerators, based on the excitation of extremely high longitudinal electric fields with phase velocity close to the speed of light 1 has received much theoretical and experimental attention for nearly two decades. A survey and comparison of different methods for laser acceleration and summaries of experimental and theoretical progress can be found in Refs. [2] [3] [4] [5] . In this paper we focus on the resonant Laser Wakefield Accelerator ͑LWFA͒, in which an ultrashort laser pulse ͑ p ⌬tϷ, where ⌬t is the laser pulse length, p 2 ϭ4ne 2 /␥m 0 , n is the local plasma density, ␥ is the relativistic Lorentz factor, and e and m 0 are the charge and the rest mass of the electron͒ is used to excite a plasma wave via the ponderomotive force from the gradient in the laser pulse intensity.
Diffraction limits acceleration length, and hence the final energy of an accelerated charged particle in the LWFA to about one Rayleigh range. Laser guiding in plasma channels has been proposed as a means to extend the acceleration length. The index of refraction of a plasma with density n can be approximated by Ϸ1Ϫ p 2 /2 2 , where is the laser frequency. Similar to an optical fiber, a plasma channel can provide optical guiding if the index of refraction peaks on axis. This requires a density profile that has a local minimum on axis. Guiding of laser pulses with moderate intensities ͑around 10 15 W/cm 2 ͒ over distances in excess of 20 Rayleigh ranges has been demonstrated experimentally. 6 For acceleration purposes, excitation of large-amplitude plasma waves requires laser intensities on the order of 10 18 W/cm 2 ͑for a laser wavelength ϳ1 ͒. At such high intensities the index of refraction of the plasma is modified by its interaction with the laser pulse through relativistic effects, as well as through a plasma density modulation arising from the excited plasma wave. The interaction with plasma affects both longitudinal and transverse properties of the laser pulse, which, in turn, leads to changes in the coupling between the laser pulse and the plasma as well as in properties of the accelerating plasma wave. These issues are important for evaluation and optimization of the efficiency of LWFA designs. In this paper, a one-dimensional ͑1-D͒, nonrelativistic analytic model of the driving pulse evolution and supporting simulation results will be presented, with an emphasis on the effects of energy depletion, longitudinal laser pulse shape distortion, and changes in the group velocity and center wavelength of the pulse.
As in conventional fiber optics, the transverse characteristics of the laser beam are determined by the transverse profile of the guide, i.e. the plasma density profile. There are two main types of channels that have been considered in the literature: the parabolic channel and the hollow channel. The parabolic channel has a cylindrically symmetric, parabolic density profile with minimum density on axis. It is usually assumed that the plasma wake in a parabolic channel is purely electrostatic or, equivalently, that the channel size is large compared to the plasma wavelength. 3, 7 The hollow channel refers to a cylindrically symmetric step plasma density profile, where the density inside the channel is zero, and the wall thickness is much less than a plasma wavelength.
A hollow channel is particularly favorable for the propagation of a high-quality electron beam. It supports a single electromagnetic plasma wave mode and can be designed to support only one guided laser mode. 3, 8 This suppresses the laser hose instability. 3, 7 Full control over the profile of the channels remains a major experimental challenge and density profiles are typically neither parabolic nor hollow. The transverse fields of the plasma wave excited in an arbitrary profile channel have not been found analytically, 3, 9 although much progress has been made in numerically determining the electromagnetic plasma wake modes. 10 In what follows, the analysis for the hollow channel case is presented. A similar treatment would be applicable to a channel with an arbitrary transverse plasma density profile, provided that the plasma wakefields were known.
In Sec. II we present approximate scaling laws that describe the evolution of the driving laser pulse and discuss their consequences for acceleration. In Sec. III, the 1-D equations to model the evolution of the laser pulse in the plasma are derived and numerical solutions of these equations are presented. The model is extended to treat the hollow channel case in Sec. IV. Conclusions and a discussion comprise Sec. V.
II. SCALING LAWS FOR THE TEMPORAL EVOLUTION OF THE LASER PULSE
To obtain a qualitative picture of the evolution of the driving laser pulse as it excites a plasma wake, we first consider the simplified 1-D case of a laser pulse with a flat-top temporal profile propagating in a plasma with a comoving density profile that changes linearly in , i.e. p 2 ϭ p0 2 ϩ. Here ϭzϪct, and is the constant plasma density gradient. The term phenomenologically represents the plasma density change due to the laser pulse. A more sophisticated qualitative analysis of driving laser pulse evolution was presented by Bulanov et al.
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The laser strength is characterized by the dimensionless Lorentz invariant vector potential, a 0 ϭeE/m 0 c, where E is the laser electric field, is the laser frequency, and c is the speed of light. For a 0 Ӷ1, the plasma modifies phase and group velocities of the laser as
where k is the wave number of the laser. When the plasma density varies with and not z, different portions of the pulse continuously experience different plasma densities. As a result, the phase and group velocities are different for different portions of the laser pulse. This, in turn, leads to changes in frequency and duration of the laser pulse. The leading edge of the laser pulse moves slower than the trailing edge by
where is the laser pulse length. Thus
Similarly, the change in the distance between the adjacent crests of the laser wave can be found from
Note that to the third order in ( p /), the product remains constant:
Equivalently, /ϭconst. In the case of Ͼ0 the linear plasma profile affects the laser pulse in a manner similar to that of a self-consistent wake. Theoretically, the interaction between the driving laser and plasma can be viewed as a decay of the electromagnetic laser wave into a plasma wave and a frequency shifted electromagnetic wave. Since the laser pulse duration is of the order of one-half the plasma period, the spectral bandwidth of the laser pulse is larger than the plasma frequency. An electromagnetic wave shifted by p will remain a part of the laser pulse, resulting only in a change in the frequency of the laser pulse. Because the scattered electromagnetic wave remains a part of the laser pulse, the number of photons in the laser pulse is conserved, the energy is lost by ''photon deceleration,'' and not by loss ͑conversion͒ of photons. 12 This action invariance in laser wakefield generation is a realization of the Manley-Rowe relationship. Since the number of photons is proportional to the energy of the laser pulse divided by the frequency: N ph ϰE 2 /ϭconst; combining this with the previous result, /ϭconst, we obtain Eϭconst.
To summarize, the laser pulse shortens and reddens as it propagates in a plasma with a density profile linearly decreasing toward the back of the laser pulse. Thus the laser pulse also loses energy, i.e. it depletes. A detailed study of laser pulse depletion can be found in a paper by Horton et al. 13 The reddening and shortening combined with an increase in a 0 conserve the number of photons in the laser pulse, which, in the linear density profile case, is equivalent to E being constant.
Combining Eqs. 3 and 5, we obtain
where i ϭ(zϭ0), and subscript i signifies the initial unperturbed quantity from now on. By solving Eq. ͑6͒ we find the z dependence of the laser pulse duration ,
To determine the effect of these changes in the drive pulse on the wakefield mode, we combine the above results with the expression for the electric field amplitude of the wake in a homogeneous plasma:
where k pi ϭ pi /c. Thus Eϭa 0 ϭconst, and a 0 /a 0i ϭ i /ϭ1/ͱ1Ϫz/ i 2 . From Eq. ͑9͒ it is seen that there exists an optimal value for the pulse length ϭ/k pi . A reduction in coupling due to the pulse length decrease can be more than offset by the increase in a 0 as the pulse propagates through plasma ͓see Eq. ͑9͔͒.
As the spectrum of the laser pulse reddens its group velocity decreases. Using Eq. ͑1͒ for the laser pulse group velocity, and Eq. ͑8͒ for the frequency evolution, the dephasing length for the linear density variation, flat-top laser pulse is
where l dpl ϭ i 2 / is the depletion length and L deph ϭ(/k pi )( i 2 / p 2 ). As pointed out previously, a high accelerating gradient is maintained even after a substantial fraction of the laser energy is depleted. A larger portion of the laser energy can be deposited into the plasma wave by increasing the laser amplitude while keeping the plasma density constant, so that the ratio of the dephasing length to the depletion length is increased.
In a realistic scenario, the plasma wake profile excited by the laser pulse is far from linear, causing the dephasing to change, and deviate from Eq. ͑10͒, as will be described in Sec. III.
III. SELF-CONSISTENT EVOLUTION OF THE LASER PULSE
To study the effect of pump depletion on the driving laser pulse, we start with Maxwell's equations:
where E and B are the laser electric and magnetic fields, respectively, and J is the current density in the ambient plasma due to the laser pulse. Rewriting Eq. ͑11͒ in terms of a 0 , taking the curl of the first equation, a time derivative of the second, and combining them, we obtain the wave equation
In the limit that the longitudinal velocity of the electrons remains much smaller than the speed of light and the transverse size of the laser pulse is much larger than the wavelength, the transverse canonical momentum of an electron moving in the laser fields is conserved; so that if the electrons are initially at rest ␥V/cϭϪa 0 , where V is the electron velocity, and ␥ϭ1/ͱ1ϪV 2 /c 2 . The transverse current density then is JϭϪnea 0 c and 4e
Assuming the vector potential is purely transverse, Eq. ͑12͒ becomes
where k p ϭ p /c. In a slab geometry, we obtain Any derivative except ‫ץ/‪⌽‬ץ‬ adds at least one order in p /: taking a derivative is similar to dividing by the number of laser periods contained in the laser pulse. Indeed, the length of the laser pulse is of the order of 1/k p for best coupling to the plasma wake, and the laser period is order 1/k͒. Therefore,
The results obtained in Sec. II for a flat-top pulse are recovered by taking the derivative of both sides in Eq. ͑19͒, namely
where ‫ץ‬ 2 ⌽/‫ץ‬ 2 has been neglected in the first equation and ‫ץ/‪b‬ץ‬ in the second.
To simulate the effects of the laser pump depletion selfconsistently, we start with an expression for the plasma density modulation, 14 obtained under the assumption that the perturbation is small compared to the unperturbed density, ␦n/n i Ӷ1,
The right-hand side of Eq. ͑19͒ can be rewritten as
to the lowest order in b 2 , where the term 1/␥ϭ1Ϫb 2 /4 comes from the relativistic correction to the plasma frequency.
Equation ͑20͒ conserves the action ͑the number of photons͒ of the laser pulse. To prove this statement, the action is rewritten in terms of b and ⌽:
Using Eq. ͑20͒, we obtain
‫ץ‬ ‫ץ‬z ͪ .
͑27͒
After integrating Eq. ͑25͒ by parts, we obtain
because the laser amplitude is zero at infinity. Energy conservation in the system, described by Eqs. ͑19͒ and ͑20͒, is verified by considering first the amount of energy per unit area in the laser pulse:
The energy loss by the laser per unit propagation distance is given by
where both Eqs. ͑19͒ and ͑20͒ have been employed. Substituting for from Eq. ͑25͒, the Eq. ͑30͒ becomes
The amount of energy in the wake per unit length is calculated by adding the electric field energy and the kinetic energy of the electron fluid:
As can be seen from Eqs. ͑31͒ and ͑32͒, all the energy lost by the laser pulse is stored in the wake. The evolution of the amplitude b and frequency ‫ץ/‪⌽‬ץ‬ of a laser pulse as it propagates in a plasma has been obtained by integrating Eqs. ͑19͒ and ͑20͒ numerically. Figure 1 shows the longitudinal profile of the driving laser pulse vector potential and the relative change in the refractive index of the plasma, corresponding to the plasma wake. Similarly to the simple model of Sec. II, it is because different parts of the laser pulse experience different values of the index of refraction, the laser pulse develops a temporal phase chirp. In Fig. 2, b and ⌽ are shown as functions of after the laser pulse propagated a distance zϭL deph .
The frequency spectrum of the laser pulse is redshifted and widened ͓Fig. 3͑a͔͒, resulting in a change in the laser pulse shape ͓Fig. 3͑b͔͒.
The amplitude of the plasma wake remained nearly constant during the interaction, which is consistent with the predictions of Sec. II.
In conclusion, the plasma wake leaves an imprint on the pulse that excites it. Through time-resolved measurement of the amplitude and phase of the laser pulse, information about the wake may therefore be obtained. The observed increase in the coupling strength supports the idea of trying to increase efficiency of a single stage accelerator by depleting the laser pulse energy before dephasing terminates the acceleration.
IV. THE HOLLOW CHANNEL
A hollow channel is particularly favorable for the propagation of a high-quality electron beam. It supports a single electromagnetic plasma wave mode and can be designed to support only one guided laser mode, 3, 8, 9 which suppresses the laser hose instability. 3, 7 An extensive analysis of the wake mode structure supported by a hollow channel and of the guided laser mode has been carried out in Refs. 3, 8, 9 , and some of the results obtained there are used next to model the driving laser pulse evolution problem in a hollow channel case.
In addition to the electromagnetic mode, an electrostatic mode is excited in the bulk of the plasma. The amplitude of the electric field of this electrostatic mode is zero at the channel boundary, peaks at a distance of order 1/k p into the plasma, and decays away at large distances. In this section the feedback of both the electromagnetic surface wake and the electrostatic bulk wake on the laser pulse is considered.
The coupling of the bulk mode to the laser pulse is of the same nature as that of the wake in a homogeneous plasma ͑see Sec. III͒. The laser propagation is modified by the , a laser pulse with a Gaussian pulse shape with the pulse length calculated to maximize the coupling to the plasma wake, and amplitude a 0 ϭ0.5. FIG. 3 . Spectrum of the laser pulse ͑unnormalized, arbitrary units͒ before and after propagating for one dephasing length. ͑b͒ The amplitude of the laser pulse vector potential, b, before and after propagating for one dephasing length. Calculated by integrating Eqs. ͑19͒ and ͑20͒ numerically with calculated from Eq. ͑25͒, with p / 0 ϭ changes in plasma density caused by the excitation of the bulk mode.
The plasma electron fluid in the electromagnetic wake mode behaves as if it is incompressible. The propagation of the laser pulse is affected by the ripple of the channel boundary due to the electromagnetic wake. The transverse displacement of the electron fluid effectively causes different longitudinal slices of the drive laser pulse to propagate in channels of different size, with varying phase and group velocity.
A set of equations governing the driving laser pulse evolution in a hollow channel in a slab geometry, with the laser pulse infinite in the x direction guided by a hollow channel of size 2d in the y direction, is derived next. The wave equation ͑15͒ can be reduced to an equation similar to Eq. ͑16͒. By keeping the transverse derivative in y, and assuming that the vector potential is of the form a x ϭa 0 (,z)R͓ y,,z͔, Eq. ͑15͒ can be rewritten as 0ϭ
where the cross term (2/R)(‫ץ‬R/‫ץ()ץ‬a 0 /‫ץ‬z) has been neglected as well as the z derivatives of the transverse function R because they are of the order ( p /) 4 . Equation ͑33͒ is identical to Eq. ͑16͒, except for the plasma coupling term ͑͒, which we next evaluate using energy conservation. The energy stored per unit length of the electromagnetic plasma wake is given by
ͪ .
͑34͒
By introducing a geometric factor with dimension of unit length, c w , which relates the wake energy per unit length to the wake's energy density on the channel's axis, we can rewrite Eq. ͑34͒ in a fashion similar to Eq. ͑32͒: different frequencies. In addition, the treatment can be extended to an arbitrary transverse profile plasma channel, provided the wake is known.
The evolution of the amplitude b and frequency ‫ץ/‪⌽‬ץ‬ of a laser pulse as it propagates in a hollow channel plasma has been obtained by integrating Eqs. ͑19͒ and ͑20͒ numerically with ͑͒ calculated from Eq. ͑41͒. In Fig. 4 , b and ⌽ are shown as functions of after the laser pulse propagated a distance zϭL deph in a hollow channel of width k p dϭ1. The geometric energy density coefficients for this case are calculated to be k pi c l ϭ2.48, k pi c w ϭ7.67, and k pi c b ϭ0.179. Since the geometric factor for the bulk mode is much smaller that that for the surface mode, the periodicity of the phase change in Fig. 4 is 1/k ch , and otherwise the results are similar to those for the case of homogeneous plasma and plane wave laser pulse ͑Fig. 2 and Fig. 3͒ : the frequency spectrum of the laser pulse is redshifted and widened ͓Fig. 5͑a͔͒, resulting in a change in the laser pulse shape ͓Fig. 5͑b͔͒ and the amplitude of the plasma wake remained nearly constant during the interaction, which is consistent with the predictions of Sec. II.
V. CONCLUSION
A set of 1-D equations for the evolution of a driving laser pulse in a homogeneous plasma was derived. The equations were solved numerically. The solutions demonstrated the expected spectral redshifting of the laser pulse. For realistic parameters, the shift in the spectrum is quite pronounced. Measurement of the time-resolved amplitude and phase of the driving laser pulse should supply valuable information about the plasma wake.
The analysis was extended to treat the hollow channel case, where energy conservation was used to find the coupling term between the laser pulse and the plasma wake. Using this technique, the evolution of a laser pulse propagating in a channel with an arbitrary transverse profile can be found, provided the excited plasma wake is known for that particular density profile. FIG. 4 . The amplitude of the laser pulse vector potential, b, and the phase, ⌽, as a function of k after propagating for one dephasing length in a hollow channel, k pi dϭ1. Calculated by integrating Eqs. ͑19͒ and ͑20͒ numerically with calculated from Eq. ͑41͒, with p / 0 ϭ 1 50 , a laser pulse with a Gaussian pulse shape, and amplitude a 0 ϭ0.5. 5 . Spectrum of the laser pulse ͑unnormalized, arbitrary units͒ before and after propagating for one dephasing length in a hollow channel, k pi d ϭ1. ͑b͒ The amplitude of the laser pulse vector potential, b, before and after propagating for one dephasing length in a hollow channel, k pi dϭ1. Calculated by integrating Eqs. ͑19͒ and ͑20͒ numerically with calculated from Eq. ͑41͒, with p / 0 ϭ 1 50 , a laser pulse with a Gaussian pulse shape, and amplitude a 0 ϭ0.5.
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